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a b s t r a c t
We construct an example of a finitely generated ideal I of R[X], where R is a one-
dimensional domain, whose leading terms ideal is not finitely generated. This gives a
negative answer to the open question of whether if R is a domain with Krull dimension
≤1, then for any finitely generated ideal I of R[X], the leading terms ideal of I is also
finitely generated. Moreover, as a positive part of our answer, we prove that for any one-
dimensional domain R and any a, b ∈ R, the ideal of R[X] generated by the leading terms
of ⟨1+ aX, b⟩ is finitely generated.
© 2012 Elsevier B.V. All rights reserved.
0. Introduction
Recall that according to [7] a ring R is said to be Gröbner if for every n ∈ N and every finitely generated ideal I of
R[X1, . . . , Xn], fixing a monomial order on R[X1, . . . , Xn], the ideal LT(I) generated by the leading terms of the elements
of I is finitely generated. The Gröbner ring conjecture [7] says that a valuation domain is Gröbner if and only if its Krull
dimension is≤ 1. A partial solution ‘‘if a valuation domain V is Gröbner then dimV ≤ 1’’ to this conjecture was given in [2]
(see a corrigendum [8] to this paper).
In [5], it is proved that a valuation domain V satisfies the property ‘‘for any finitely generated ideal I of V[X] the ideal
LT(I) is finitely generated’’ if and only if its Krull dimension is≤ 1. This proved the Gröbner ring conjecture in one variable,
and also gives the first example of a class of non-Noetherian rings (of Krull dimension 1) satisfying the property above. This
result raised the following two questions ([5], Questions 1 and 2).
Question A. Is it true that if R is a domain with Krull dimension ≤ 1, then for any finitely generated ideal I of R[X], the leading
terms ideal LT(I) is also finitely generated ?
Question B. Is it true that if V is a valuation ring (i.e., a ring in which every two elements are comparable under division) with
zero-divisors of Krull dimension ≤ 1, then for any finitely generated ideal I of V[X], the leading terms ideal LT(I) is also finitely
generated ?
In this paper, we give a negative answer to Question A by constructing a counterexample. Moreover, as a positive part of
our answer, we prove that for any one-dimensional domain R and any a, b ∈ R, the ideal of R[X] generated by the leading
terms of ⟨1+ aX, b⟩ is finitely generated.
It is worth pointing out that an answer to Question B can be found in [6].
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1. The leading terms ideal
Notation 1. Let R be a commutative ring. For a polynomial g ∈ R[X], we denote by LT(g) the leading term of g and by LC(g)
its leading coefficient.
If I is an ideal of R[X], we denote by LT(I) the ideal ⟨ LT(f ) : f ∈ I ⟩, and for n ∈ N, we denote by LCn(I) the ideal of R
generated by the leading coefficients of the elements of I of degree n. In particular, LC0(I) = I ∩R. The sequence (LCn(I))n∈N
is obviously nondecreasing and so LC∞(I) := ∪n∈NLCn(I) is an ideal of R.
The following lemma is immediate.
Lemma 2. Let R be a ring. A term aXk (where a ∈ R and k ∈ N) belongs to an ideal of R[X] of the form ⟨bλXkλ : λ ∈ Λ⟩, where
bλ ∈ R and kλ ∈ N, if and only if a ∈ ⟨bλ : kλ ≤ k⟩.
As an immediate consequence, one obtains the following corollary.
Corollary 3. For any ring R, and any ideal I of R[X], if LT(I) is finitely generated, then for all n ∈ N ∪ {∞}, LCn(I) is a finitely
generated ideal of R.
Proof. Denoting by LT(I) = ⟨biXki : 1 ≤ i ≤ s⟩, where bi ∈ R and ki ∈ N, by virtue of Lemma 2, we have
LCn(I) = ⟨bi : ki ≤ n⟩. 
Taking n = 0, one obtains the following corollary.
Corollary 4. For any ring R, we have (i)⇒ (ii) where:
(i) For any finitely generated ideal I of R[X], the leading terms ideal LT(I) is also finitely generated.
(ii) If J is a finitely generated ideal of R[X], then J ∩ R is a finitely generated ideal of R.
2. A special case
In [2,7], it is proved that if V is a non-Archimedean valuation domain (this amounts to saying that V is a valuation domain
with Krull dimension ≥ 2), then taking two nonzero and non-invertible elements a, b ∈ V such that an divides b for any
n ∈ N, the ideal LT(⟨1+ aX, b⟩) is not finitely generated. In the following proposition we prove that this cannot happen if
the base ring is a domain with Krull dimension≤ 1. This can be seen as a positive answer to Question A in the special case
of ⟨1+ aX, b⟩.
Recall that a ring R has Krull dimension≤ 1 if and only if
∀a, b ∈ R ∃ n ∈ N ∃α, β ∈ R | bn(an(1+ αa)+ βb) = 0. (1)
This is a constructive substitute for the classical abstract definition (see [1,3,4]).
For a, b ∈ R (R a ring), we denote by
[b : a∞] := {x ∈ R | ∃ n ∈ N | x an ∈ ⟨b⟩}
(it is an ideal of R).
The objective of this section is to prove the following result.
Proposition 5. Let R be a domain with Krull dimension≤ 1 and take a, b ∈ Rwith b ≠ 0. Then with notations of ‘‘collapse’’ (1),
we have
LT(⟨1+ aX, b⟩) = ⟨aX⟩ + [b : a∞][X] = ⟨aX, b, 1+ α a⟩.
For the proof of Proposition 5, we need the following three lemmas. Of course if b = 0, then LT(⟨1+ aX⟩) = ⟨aX⟩ since
R is a domain.
Lemma 6. Let R be a ring. For any a ∈ R, we have:
⟨1+ aX⟩ ∩ R = [0 : a∞] & LT(⟨1+ aX⟩) = [0 : a∞][X] + ⟨aX⟩.
In particular, LT(⟨1+ aX⟩) is finitely generated if and only if so is [0 : a∞].
Proof. Letting c ∈ ⟨1+ aX⟩ ∩ R, there exists g =mi=0 biX i ∈ R[X] such that
(1+ aX) g = c ∈ R.
By identification, we have a bm = 0, bm + a bm−1 = 0, . . . , b1 + a b0 = 0, b0 = c , and thus bk = (−a)kc ∀ 0 ≤ k ≤ m
and am+1c = 0.
Conversely, letting b ∈ [0 : a∞], there exists n ∈ N such that b an = 0. It follows that
b (1+ aX)(1− aX + · · · + (−a)n−1Xn−1) = b (1− (−a)nXn) = b,
and thus b ∈ ⟨1+ aX⟩ ∩ R. We conclude that ⟨1+ aX⟩ ∩ R = [0 : a∞] and necessarily [0 : a∞][X] + ⟨aX⟩ ⊆ LT(⟨1+ aX⟩).
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Letting f = c0 + c1X + · · · + cnXn ∈ ⟨1+ aX⟩ (we suppose that n ≥ 1), there exists g =mi=0 biX i ∈ R[X] (m+ 1 ≥ n)
such that
(1+ aX) g = f .
By identification, we have
S :

a bm = 0
bm + a bm−1 = 0
...
bn+1 + a bn = 0
bn + a bn−1 = cn
...
b1 + a b0 = c1
b0 = c0,
and thus bn = cn − acn−1 + · · · + (−a)nc0 and am−n+1bn = 0. It follows that bn ∈ [0 : a∞] and cn ∈ [0 : a∞] + ⟨a⟩, as
desired.
The final particular affirmation easily follows by adapting the second members in the equalities of S. 
Lemma 7. Let R be a ring. For any a, b ∈ R, we have:
⟨1+ aX, b⟩ ∩ R = [b : a∞] & LT(⟨1+ aX, b⟩) = [b : a∞][X] + ⟨aX⟩.
In particular, LT(⟨1+ aX, b⟩) is finitely generated if and only if so is [b : a∞].
Proof. Just pass to the ring R/⟨b⟩ and use Lemma 6. 
Lemma 8. Let R be a domain with Krull dimension≤ 1 and take a, b ∈ R with b ≠ 0. Then with notations of ‘‘collapse’’ (1), we
have
[b : a∞] = ⟨b, 1+ α a⟩.
Proof. First, we have b, 1+ α a ∈ [b : a∞]. Second, letting x ∈ [b : a∞], there existsm ∈ N and θ ∈ R such that x am = θ b.
As the multiplicative subsets aN and 1+ aR are comaximal, there exist u, v ∈ R such that u am+ v (1+α a) = 1, and hence
x = x u am + x v (1+ α a) = θ b u+ x v (1+ α a) ∈ ⟨b, 1+ α a⟩. 
Proof of Proposition 5. This follows immediately from Lemmas 7 and 8.
3. The counterexample
By the following example, we give a negative answer to Question A ([5], Question 2). Some facts are classical but we
prefer to give all the details.
Example 9. Let t be an indeterminate over the real field R and consider the following domain
A := Q+ tR[t] = {f (t) ∈ R[t] | f (0) ∈ Q}.
The rings A and R[t] are one-dimensional and share the ideal m := tR[t] (in fact the prime spectrum of A is {(fR[t]) ∩ A |
f is an irreducible polynomial in R[t]} ∪ {(0)}). Let us consider the following ideal of A[X]:
I := ⟨√2 t X, t(1− X)⟩.
First claim: m is not finitely generated as an ideal of A.
Indeed, supposing thatm = t h1A+ · · · + t hrA, for some h1, . . . , hr ∈ R[t], take any real number α /∈ Q and write α t ∈ m.
Since the only terms of degree 1 in t in t h1A + · · · + t hrA are of the form (h1(0)q1 + · · · + hr(0)qr) t , one would get
α = h1(0)q1 + · · · + hr(0)qr , hence getting R finitely generated over Q, a contradiction.
Second claim: In A, we have ⟨t⟩ ∩ ⟨√2 t⟩ = t2R[t] = t m.
First, t2R[t] = t(tR[t]) = √2 t(tR[t]) ⊆ ⟨t⟩ ∩ ⟨√2 t⟩. Second, if x ∈ ⟨t⟩ ∩ ⟨√2 t⟩, then
x = t(q1 + tf (t)) =
√
2 t(q2 + tg(t)),
where q1, q2 ∈ Q and f , g ∈ R[t]. This implies that q1 −
√
2 q2 = t(f (t) − g(t)), and thus q1 = q2 = 0 (as
√
2 /∈ Q), and
x = t2f (t) ∈ t2R[t].
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Third claim: In A, the ideal ⟨t⟩ ∩ ⟨√2 t⟩ is not finitely generated.
By the second claim, ⟨t⟩ ∩ ⟨√2 t⟩ is isomorphic as A-module to m, and thus it is not finitely generated by virtue of the first
claim.
Fourth claim: I ∩ A = ⟨t⟩ ∩ ⟨√2 t⟩.
If x = t a = √2 t b ∈ ⟨t⟩ ∩ ⟨√2 t⟩, where a, b ∈ A, then x = x X + x (1− X) = t a (1− X)+√2 t b X ∈ I ∩ A. Conversely,
if y = √2 t XU(X)+ t (1− X)V (X) ∈ I ∩ A, for some U, V ∈ A[X], then by successively taking X = 0 and X = 1, one gets
y ∈ ⟨t⟩ ∩ ⟨√2 t⟩.
Fifth claim: LT(I) is not finitely generated.
This follows from Corollary 3 by taking n = 0.
Example 9 encourages us to ask the following question.
Question 10. Is it true that a one-dimensional domain R satisfies the property ‘‘for any finitely generated ideal I of R[X], the ideal
generated by the leading terms of the elements of I is finitely generated’’ if and only if R is coherent?
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